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We use our recently developed algebraic methods for the calculation of 
the heat kernel on homogeneous bundles over symmetric spaces to eval- 
uate the non-perturbative low-energy effective action in quantum general 
relativity and Yang-Mills gauge theory in curved space. We obtain an ex- 
act integral repesentation for the effective action that generates all terms in 
the standard asymptotic epxansion of the effective action without deriva- 
tives of the curvatures effectively summing up the whole infinite subseries 
of all quantum corrections with low momenta. 
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1 Introduction 

One of the basic object in quantum field theory is the effective action (see, lfT8l[T6l 
[BIElIll). It is a functional of the background fields that encodes, in principle, all 
the information of quantum field theory. It determines the full one-point propaga- 
tor as well as all full vertex functions. Moreover, it gives the effective equations 
for the background fields, which makes it possible to study the back-reaction of 
quantum processes on the classical background. 

One of the most powerful methods for the evaluation of the effective action 
is the heat kernel approach (see the books HSl [I6l [IS [HI im 13 |22l and reviews 
[[B [HI [13 ill HSl). Of course, the effective action (or the heat kernel) cannot be 
computed exactly. Therefore, various approximation schemes have been devel- 
oped depending on the problem one is studying. First of all, there is the standard 
semi-classical expansion of the effective action in inverse powers of a (large) mass 
parameter of massive quantum fields, which corresponds to the short-time asymp- 
totic expansion of the trace of the heat kernel in powers of the proper time. It 
describes such physical effects as polarization of vacuum of massive quantum 
fields by weak background fields. There has been tremendous progress in the 
explicit calculation of the coefficients of this asymptotic expansion over the last 
two decades (see, |[l9ll22l[251[Il|7l[9l[l0l[Il). However, the applicability of this 
approximation is rather limited — it does not apply to strong background fields 
and massless (or light) quantum fields. Therefore, there is a need for new non- 
perturbative approximation schemes. 

Next, one is interested in scattering processes of energetic particles. Such pro- 
cesses are well described by the (essentially perturbative) high-energy approxima- 
tion. The high-energy effective action can be computed in a sufficiently elaborated 
perturbation theory |[Tl[9l[l3l[8l[l0l. Although it is non-local, it is analytic in the 
background fields and, therefore, can be computed simply by expanding in powers 
of background fields (or their curvatures). 

On another hand, one is interested in studying the structure of the physical 
vacuum (the ground state) of the theory. Such problems are well described by the 
low-energy approximation. The low energy effective action (or the heat kernel) 
is a local, but highly non-trivial (non-polynomial) functional of background fields 
and their curvatures, and, therefore, it cannot be computed in the usual pertur- 
bation theory. There are just a few very special cases, such as group manifolds, 
spheres, rank-one symmetric spaces and split-rank symmetric spaces when one 
can determine the spectrum of the Laplacian exactly and obtain closed formulas 
for the heat kernel in terms of the root vectors and their multiplicities [fTTl |2T]| . 
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The complexity of the method crucially depends on the global structure of the 
symmetric space, most importantly its rank. Therefore, to study the low-energy 
effective action in the generic case one needs new essentially non-perturbative 
methods. The development of such methods for the calculation of the heat kernel 
was initiated in our papers OIHl for a gauge theory in flat space, which were then 
applied to study the vacuum structure of the Yang-Mills theory in |l5l|71. These 
ideas were first extended to scalar fields on curved manifolds in E [6l| and finally 
to arbitrary twisted spin-tensor fields in [ lhil2il . 

In the present paper we apply these methods to study the one-loop low-energy 
effective action in quantum general relativity and Yang-Mills theory in curved 
space with some twisted scalar and spinor fields. We consider a wide class of field 
theory models with the action 



where g = | det^^vl, g^y is a metric on the spacetime manifold M, R is the scalar 
curvature, = l6nG is the Einstein coupling constant, G is the Newtonian grav- 
itational constant, A is the cosmological constant, !7^y is the strength of the gauge 
fields taking values in the adjoint representation of the Lie algebra of a com- 
pact simple gauge group Gym, e is a coupling constant, tp and i// are multiplets 
of real scalar fields and the Dirac spinor ones, which belong to some, in general, 
different representations of the gauge group, M{(p) is a spinor mass matrix, V{(p) 
is a potential for scalar fields, y^' are the Dirac matrices and is the covariant 
derivative in the corresponding representation. 

Our goal is to compute the one-loop effective action for this model assum- 
ing a covariantly constant background, that is, a background metric with covari- 
antly constant curvature, a background gauge field with the covariantly constant 
strength tensor and also some covariantly constant background scalar fields. 

This paper is organized as follows. In Sec. 2 we describe briefly the con- 
struction of the one-loop effective action in gauge field theories. In Sec. 3. we 
describe the heat kernel method for the calculation of functional determinants of 
elliptic partial differential operators of Laplace type. In Sec. 4. we describe the 
low-energy approximation and derive some of its consequences, in particular, we 
present the results for the heat trace of our earlier paper L12J. In Sec. 5-7 we apply 
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these results to evaluate the effective action in general relativity, the Yang-Mills 
theory and also for the matter (scalar and the spinor) fields. In conclusion we 
summarize our results. 



2 Effective Action in Gauge Field Theories 

We describe briefly the construction of the one-loop effective action in gauge field 
theories. Let M be a globally hyperbolic spacetime manifold with a (pseudo)-Rie- 
mannian metric. Let 'V and Q be two fiber bundles over M such that dim^ < 
dim'V. Let both bundles V and G be equipped with some Hermitian positive- 
definite metrics and with the corresponding natural scalar products ( , )^ and 

The sections of the bundle "V are quantum (gauge) fields. The dynamics of the 
quantum fields is described by the action S : C^CV) — > R.. At the linearized level 
it is described by the second order differential operator, P : C'^iT'V) — > C^iT^) 
defined by 

{h,Ph)v = —,S{ip + sh) . (2.2) 

as^ £=0 

If this operator is non-degenerate then the one-loop effective action is determined 
by its determinant IfTSl 

Fd) = a-\og\^a{-P). (2.3) 

where cr = -i-l for bosonic fields and cr = -1 for fermionic fields. In the following 
we consider the bosonic theory. 

In gauge theory the operator P is degenerate. This means that the action has 
someinvariant flows which define a first order differential operator A'^ : C°°(T0) — > 
C^iT^). Let : C°°iT^) C^iTQ) be the first order diff"erential operator such 
that for any ^ e C°°{Q), h e C^iT^) 

{Nh,Og = {KNO'v, (2.4) 

and F : C^iTQ) C^iTQ) be the operator defined by 

F = NN. (2.5) 

Finally, let L : C°°{T'V) C°°(T'V) be the second-order differential operator 
defined by 

L = -P-NN. (2.6) 
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We consider only the case when the gauge generators are linearly independent. 
This means that the rank of the leading symbol of the operator equals the dimen- 
sion of the bundle Q. We also assume that the leading symbols of the generators 
are complete in that they generate all zero-modes of the leading symbol of the 
operator P. Then the leading symbols of the operators L and F are non-degenerate 
and the one-loop effective action has the form |[T8l 13 

= ^(logDetL-21ogDetF). (2.7) 

Strictly speaking, one should include the contribution, log Det y, of the determi- 
nant of the gauge group metric y. However, in the cases of our primary interest 
(general relativity and Yang-Mills theory) the gauge group metric y is a zero- 
order differential operator, and, therefore, its contribution can be omitted, more 
precisely, it can be absorbed in the definition of the path integral measure. 

3 Heat Kernel Method 

The effective action is determined by the functional determinants of second-order 
hyperbolic partial differential operators with Feynman boundary conditions. At 
this point we can do the analytic continuation to the imaginary time (Wick rota- 
tion) and consider instead of hyperbolic operators the elliptic ones. Furthermore, 
the most important elliptic partial differential operators encountered in quantum 
field theory are so-called Laplace type operators. That is why we concentrate be- 
low on the calculation of the heat kernel for Laplace type operators (see [fT9l [T5l 

miniiii). 

Let (M, g) be a smooth compact Riemannian manifold of dimension n without 
boundary, equipped with a positive definite Riemannian metric g. We assume that 
it is complete simply connected orientable and spin. Let A be a vector space and 
End (A) be the space of endomorphisms of A. Let 7~ be a spin-tensor bundle with 
fiber A realizing a representation of the spin group Spin(n). It naturally defines 
a representation S : SO{n) End (A) of the orthogonal algebra SO{n) in A 
with generators ILah- The spin connection induces a connection on the bundle 7~ 
defining the covariant derivative of spin-tensor fields. 

Let Gym be a compact Lie (gauge) group and Qym be its Lie algebra. It nat- 
urally defines the principal fiber bundle over the manifold M with the structure 
group Gym- Let V7 be a vector space and End(W) be the space of its endomor- 
phisms. We consider a representation X : Qym End(VK) of the Lie algebra 
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Qym in W and the associated vector bundle through this representation with 
the same structure group Gym whose typical fiber is W. Then for any spin-tensor 
bundle 7~ we define the twisted spin-tensor bundle 'V via the twisted product of 
the bundles and T with the fiber V = K®W. 

We assume that the vector bundle is equipped with a Hermitian metric. 
This naturally identifies the dual vector bundle 'V* with 'V. We assume that the 
connection V is compatible with the Hermitian metric on the vector bundle 'V. The 
connection is given its unique natural extension to bundles in the tensor algebra 
over "V and 'V* . In fact, using the spin connection together with the connection on 
the bundle "V, we naturally obtain connections on all bundles in the tensor algebra 
over 'V, "V*, TM and T*M; the resulting connection will usually be denoted just 
by V. It is usually clear which bundle's connection is being referred to, from the 
nature of the section being acted upon. 

Let J?l be a connection one form on the bundle "IV (called Yang-Mills or gauge 
connection) taking values in the Lie algebra Qym- Then for any section of the 
bundle 'V we have 

[V^,v,]^ = ;r^,^, (3.1) 

where ^ 

f^^lv = 2^"''iiv^ah + XiT'^y) , (3.2) 

is the curvature of the total connection on the bundle "V, and 

= d^Jly - dyji,, + [Jl^, (3.3) 

is the curvature of the Yang-Mills connection. We use Greek indices to denote 
tensor components in the coordinate basis. We also use Latin indices from the 
beginning of the alphabet to denote the indices of an orthornomal frame. Both 
group of indices range over 1, . . . n. 

The fiber inner product on the bundle "V defines a natural inner product on 
C^CV). The completion of C°°(^) in this norm defines the Hilbert space L^CV). 
Let V* be the formal adjoint to V and 2 be a smooth endomorphism of the bundle 
"V. A Laplace type operator L : C°°('y) — > C^CV) is a partial differential operator 
of the form 

L = V*V + Q = -A + Q. (3.4) 

where A = g'^^V^Vy is the covariant Laplacian. It is easy to show that the Lapla- 
cian. A, and, therefore, the operator L, is a self-adjoint elliptic partial differential 
operator [19.1 . 
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For t > Q the operators U{t) = exp(-fL) form a semi-group of bounded op- 
erators on L^CV), the heat semi-group. Moreover, the heat semigroup U{t) is a 
trace-class operator with a well defined L^-trace, the heat trace [|19l : 



0(0 = Tri2exp(-/'L). (3.5) 

The heat trace is well defined for real positive t. In fact, it can be analytically 
continued to an analytic function of t in the right half -plane (for Re ? > 0). 
The heat trace determines the zeta-function, 

00 

Is n 

^(*, X) = ^^'TvlAL - X)-' = I dt t'-' e''e{t), (3.6) 

r(5) J 



where /i is a renormalization parameter introduced to preserve dimensions, A is a 
sufficiently large negative constant such that the operator (L - A) is positive and 
5 is a complex parameter with Re 5 > n/2. The zeta-function is a meromorphic 
function of s analytic at 5 = [|T9l , and, therefore, it enables one to define, in 
particular, the zeta-regularized determinant of the operator (L-A), via [01191 [TU1[T3]1 

r(0, A) = -as. A) = - log Det (L - A), (3.7) 

OS s=0 

which determines the one-loop effective action in quantum field theory. The pa- 
rameter A serves here as an infrared regularization parameter. One should take the 
limit /I ^ at the end of the calculation. 



4 Low Energy Approximation 

Of course, it is impossible to compute the heat kernel in the generic case. That is 
why, one considers various approximations. To study the structure of the ground 
state in quantum field theory one needs to evaluate the heat kernel in the low- 
energy approximation. In this case the curvatures are strong but slowly varying, 
i.e. the powers of the curvatures are more important than the derivatives of them. 
The main terms in this approximation are the terms without any covariant deriva- 
tives of the curvatures. We will consider the zeroth order of this approximation 
which corresponds simply to covariantly constant background 



(4.1) 
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Riemannian manifolds with parallel curvature are called symmetric spaces. Vec- 
tor bundles with parallel curvature are called homogeneous bundles. Thus, the 
most general covariantly constant background is described by homogeneous vec- 
tor bundles over symmetric spaces. 

4.1 Holonomy Group 

A generic symmetric space has the structure M = Mq x , where Mq = W°, 
Ms = M+ X M_, and M+ and M_ are compact and noncompact symmetric spaces 
respectively [I26ll20ll23l . The components of the curvature tensor can be presented 
in the form [12^1^ [61 

Rated = PikE'abE'^cd , (4.2) 

where E\th is a collection of p anti-symmetric matrices and fSik is a symmetric 
nondegenerate p x /? matrix. The number p is determined by the curvature tensor. 
In the following the Latin indices from the middle of the alphabet range over 
I,. . .,p and will be raised and lowered with the matrix yS,^- and its inverse Z?'*". 
They should not be confused with the Latin indices from the beginning of the 
alphabet. 

Next, we define the traceless nxn matrices = (D"ib), by 

D^., = -l^iuEKbS'" . (4.3) 

The matrices D, are known to be the generators of the holonomy algebra, 'K, i.e. 
the Lie algebra of the restricted holonomy group, H, [|26ll23l l6l 

[Di,Dj]=F\jDu, (4.4) 

where F^n, are the structure constants. 

The holonomy algebra is a subalgebra of the orthogonal algebra SO(n) [|26l 
[T4l l24l . The embedding of the holonomy algebra in the orthogonal algebra 
SO{n) is described as follows [[T2]| . Let Yah be the generators of the orthogonal 
algebra SO{n) in the representation Y : SO{n) — > End(VK) of the orthogonal 
algebra SO{n) in a vector space W and let T, be the matrices defined by 

Ti = ~D%t,Y\,. (4.5) 

Then T, form a representation of the holonomy algebra 'H in W, that is, they 
satisfy the commutation relations 



(4.6) 
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Vice versa, for every representation T . 'H ^ End (W) of the holonomy algebra 
"H in a vector space W there is a representation Y : SO{n) End(VF) of the 
orthogonal algebra SO{n) in W such that the generators T, of the representation T 
are given by (|4.5I) . 

The structure constants F^ik of the holonomy group define the p x p matrices 
Fj, by {FiYk = F^ik , which generate the adjoint representation of the holonomy 
algebra. The scalar curvature of the holonomy group is given by the invariant 

mm 

RH = ~/3'^F'nF'j,. (4.7) 

4.2 Homogeneous Vector Bundles 

Let h"b be the projection to the subspace T^Ms of the tangent space T^M and 

q\ = 6\-h\ (4.8) 

be the projection tensor to the flat subspace R"". Since the curvature exists only 
in the semi-simple submanifold M^, the components of the curvature tensor Rated, 
as well as the tensors E'at, are non-zero only in the semi-simple subspace Ms. 
Moreover, the condition (|4.1I) imposes strong constraints on the curvature of the 
homogeneous bundle 'W. We decompose the Yang-Mills curvature according to 

Tab = Sah + Sab , (4.9) 

where 

Sab = Tcdq'aq\ , Bah = Tcdh\h\ . (4. 10) 

Then, one can show [fT2l that if Bab is non-zero then it takes values in an 
Abelian ideal of the gauge algebra Qym (that is, commutes with every hting else) 
and if &ah is non-zero then it takes values in a representation of the holonomy 
algebra. More precisely, the existence of a non-zero component &ab is possible 
only if the holonomy algebra "H is an ideal of the gauge algebra Qym- That is, the 
gauge algebra Qym must be big enough to have a subalgebra C ®'H, where C is 
an Abelian ideal. Below we will assume that this is the case. 

Since the curvature &ab takes values in the holonomy algebra, it has the form 
[fT2| X{&ab) = ~E^ab^h whcrc Tj are the generators of the holonomy algebra in 
some representation T of the holonomy algebra in the vector space W. Since 
the holonomy algebra is a subalgebra of the orthogonal algebra SO{n) it can be 
embedded in the orthogonal algebra SO{n) via a representation Y : SO(n) — > 
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End(V7) of the orthogonal algebra SO{n) in W, eq. (14.51) . Thus, the curvature of 
the homogeneous bundle 'W is given by 

X{Tab) = -E'abTi+XiSat) = ^R''abYcd + X{Sab), (4.11) 

where satisfies the commutation relations [X(Sab),X{Scd)] = [X{!Bab),Ycd] = 

and Yab are the generators of the orthogonal algebra SO{n) in the representation 
Y. 

Now, we consider the representation E : SO{n) End (A) of the orthogonal 
algebra SO{n) in the vector space A (defining the spin-tensor bundle 7~) and define 
the generators 

Gab=^ab^lY + l^®Yab (4.12) 

of the orthogonal algebra SO{n) in the product representation G = S (2) 7 : 
SO{n) — > End (V) in the vector space V = K^W . 
Then the matrices 

% = -^-D\,G\ (4.13) 

form a representation : "H ^ End(V) of the holonomy algebra in V and the 
total curvature of the twisted spin-tensor bundle 'V is 

1 



Hab = -E\,bni + X{Sab)=^:f'\bGcd+X{Bab). (4.14) 
The Casimir operator of the holonomy group in this representation is llT2l 

(4.15) 



1 



'R^=0%nj = -R''''''GabG,d 



4.3 Heat Trace 

The heat trace of the operator L was computed in [[T2l. It has the form 
0(0 = J dxg'l^ (Ant)-"'^ exp l^i^^R + ^Rh^ ?j 



X 



/dco 
{Ant)Pl^ 



1 



[i'l^t^^{--{aj,fioj)\^>{t,co) 



X 



det 



/sinh[F(w)/2] 



1/2 r 



/sinh[D(a;)/2]\ 



1-1/2 



(4.16) 
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where p = detjS,y, {oj,/3oj) = jSijOj'ojj, and 

-1/2 

tr A exp [-t + q)] exp VRioj)} . 

(4.17) 

Here D{aS), F{a)), 'Rico) and S are matrices defined by D(oj) = to'Df, F(a)) = (JFi, 
'R{oS) = oj^'Ri and S = i&'h), where the matrices Dj, Fi, % and Sat were defined 
above in sec. 3.1 and 3.2. Notice that the whole structure of this expression is 
the same for all vector bundles (all representations), the only difference is in the 
function ¥(f, oS). 

We need to explain the meanning of the integral over oj' in (14.161 ). In the 
derivation of this formula in [|12il we used a certain regularization procedure. The 
point is that the integrals over the holonomy group in canonical coordinates (J 
have singularities that need to be avoided (or regularized) by deforming the con- 
tour of integration. This procedure with the nonstandard contour of integration 
is necessary for the convergence of the integrals since we are treating both the 
compact and the non-compact symmetric spaces simultaneously. We complexify 
the holonomy group by extending the canonical coordinates a»' to be complex, 
more precisely, to take values in the p-dimensional subspace Rfeg of C obtained 
by rotating counterclockwise by n/A in C, that is, we replace each variable 
(jjj by e'^^'^to-'. We also make an analytic continuation in the complex plane of t 
with a cut along the negative imaginary axis so that -n/2 < arg t < 3n/2 and con- 
sider t to be real negative, t < 0. Remember, that, in general, the nondegenerate 
diagonal matrix /3jj is not positive definite. The space R^g is chosen in such a way 
to make the Gaussian exponent purely imaginary. Then the indefiniteness of the 
matrix /3 does not cause any problems. Moreover, the integrand does not have any 
singularities on these contours. The convergence of the integral is guaranteed by 
the exponential growth of the sine for imaginary argument. These integrals can 
be computed then in the following way. The coordinates oj-' corresponding to the 
compact directions are rotated further by another n/4 to imaginary axis and the 
coordinates co-' corresponding to the non-compact directions are rotated back to 
the real axis. Then, for ? < all the integrals are well defined and convergent and 
define an analytic function of ? in a complex plane with a cut along the negative 
imaginary axis. 



¥(?, CO) = tr 



w 



det 



TM 



sinh(rX(S)) 

txm 
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5 General Relativity 

Einstein's theory of general relativity is a gauge theory with the gauge group Q 
being the group of difFeomorphisms of the spacetime manifold M. The gravita- 
tional field can be parametrized by the metric tensor of the space-time g^y. The 
Hilbert-Einstein action of general relativity has the form 

Sgr = ^ Jdxg''HR-2A) . (5.1) 



M 



The tangent bundle to the bundle of Riemannian metrics is the bundle 7~(2) = 
T*M V T*M of symmetric covariant 2-tensors. (Here V = Sym(g) is the symmetric 
tensor product). An invariant fiber metric on the vector bundle 7~(2) is defined by 

E^yap = g^'^"^> - xg^'g"^ , (5.2) 
where k 1 /n is a real parameter. The inverse metric is then 



rC 

^Mvafi = Sn(agp)v " _ , Sl^vgaP ■ (5.3) 



The tangent bundle to the group of diff"eomorphisms is the tangent bundle TM 
itself. We define an invariant metric on the gauge algebra by 

Yuv ~ Suv 5 (5.4) 
a 

where or is a real parameter. 

The invariant flows of the action are the infinitesimal diffeomorphisms, which 
define the first order difi"erential operators A' : C°°(TM) C^iT 7.)) and N : 
C^(T^2)) ^ C^{TM) by 

(A^^)^, = 2g,(,V^)^^ (5.5) 

mr = -2^(g"(''V'')-;^/^V")V. (5.6) 

Therefore, the ghost operator F = NN : C°°(TM) C°°(TM) is a second-order 
differential operator defined by 



(5.7) 
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where 

F% = -6^yA + (2x - l)V^Vv - R^y . (5.8) 

The second variation of the action defines a second-order partial differential 
operator P : C~(r(2)) ^ C°°(7"(2)) by 

^SoRig + sh) ={h,Ph\,,, (5.9) 

as e=0 

where 

4v - 1 

+ + 2A)(5%/v) 

nj< - 1 

The operator A^A'^ : C'"(7~(2)) ^ C°°(7~(2)) is a second-order operator of the form 

(NN)^y"^ = -4^ {V(^5(^)V^) - xg'^^V^V,)) . (5.11) 
The graviton operator L = -P - NN : C°°(T(2)) C°°(T(2)) now reads 

I=^L, (5.12) 



where 



\ n;<-l / n;<-l 

-(1 + 8a%)g"^V(^V,) + 2(1 + 4a)V(^c5^%)V^> - 2^?^^/,) 

4x - 1 

-26^\R^\^ + R,yg"^ + -g.yR'^'' + (R- 2A)6\^y) 

nx -\ ^ ' 

+—^—-\{\ - Ak)R + 2(2x - l)A]g^v^"^ . (5.13) 
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The most convenient choice of the parameters of the fiber metrics (gauge pa- 
rameters) is 

^ = \, a = ~. (5.14) 

In this gauge the non-diagonal derivatives in both the operators F and L vanish so 
that they both are of Laplace type 

F^ = -5^,A-i^^, 

L = -A + Q, (5.15) 

where 

-r^^/'vg"^^ + - 2A)5V5^v) . (5.16) 
{n-2) 

In the Euclidean formulation the zeta-regularized effective action has the form 

rgf = -^4«(0). (5.17) 

where 

^GR(s) = a(s)-2^F(s), (5.18) 

and ^f{s) are the zeta functions of the graviton operator L and the ghost 
operator F. Next, by using the definition of the zeta function we obtain 



^gr(s) = ^ fdt t'-'e''@oR(t) , (5.19) 

r(5) J 



where 

0G«(O = 01(0-20^0, (5.20) 

and 0l(O and 0^(0 are the heat traces of the operators L and F. 

By using the results for the heat traces described above we obtain the total heat 
trace 

0gr(O = i^nt)-"'^ J dwol exp|(ii? + ii?^)?! (5.21) 

M 



8 
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X 



/dci> 
{Ant)Pl^ 



Pi'^^QX^\--{0J,l50j)\'VGRit,0j) 



1 



/ sinh[FM/2] 



At 

1/2 



det 



TM 



sinh[D(aj)/2] 
D{oj)l2 



-1/2 



where 

^GRa, (jS) = 6;) - 2^ Fit, CO) . (5.23) 

Thus, all we need to compute is the functions ^lU, oj) and ^pit, a>) for the opera- 
tors L and F. 

Notice that both operators L and F act on pure (untwisted) tensor bundles. 
Therefore, there is no Yang-Mills group, that is, 'Fai, = Gat = Sab = 0. The 
generators of the orthogonal algebra SO{n) in the vector and the symmetric 2- 
tensor representation are 



(5.24) 
(5.25) 



(2^(l)afo)' d - 25' 

[aSh^d ■> 

Therefore, the generators of the holonomy group are 

'RiDi = A, (5.26) 

^(2); = -2AV/(1), (5.27) 

which, in component language, reads 

(^(1),)% = A,-,, (5.28) 

(^2)0c/' = -^D^^KdS'K). (5.29) 
Now, it is easy to compute the Casimir operators 

= -R\, (5.30) 

{'Rl2)l/' = 2R^\'\-26^\,R'\. (5.31) 
The potentials for both operators are obviously read off from their definition 

{QfTi, = -R\, (5.32) 



(Gl)c/' = -2R^\'\-2^\,R'\+R,,g'^' + ^g,,R 

n — L 



ah 



1 



g,,g"''i? + 5"(,(5%(i?-2A) 



■a ch 



{n-2) 



(5.33) 
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By substituting these expressions in the general formula (14.171) we obtain 

oj) = exp [-t(R - 2A)] tr exp (?Ml) exp [2D{aj) V /(i)] , 

*Pf(f,a;) = trTMexp{tMF)cxp[D(a))] , (5.34) 

where the endomorphisms Ml and Alf are defined by 

(MFTt = 2R\, (5.35) 

(Ml).. = ^S^^icR'^d) - Rcjg"" - -^gcR"' + -^,8cd8""R . (5.36) 

n - 2 (n -2) 

6 Yang-Mills Theory in Curved Space 

Let Gym be a compact simple Lie group. Yang-Mills theory is a gauge theory 
with the gauge group being the group of transformations of sections of the prin- 
cipal bundle over the spacetime manifold M with structure group Gym and the 
configuration space being the space of all connections on this principal bundle 
valued in the Lie algebra Qym of the group Gym- Let Ad : Qym — * End(M^Arf) 
be the adjoint representation of the gauge algebra Qym in the vector space Wacl 
and be the associated vector bundle over M with structure group Gym and 
the fiber End (Waj) realizing the adjoint representation of the gauge group. The 
Yang-Mills gauge field can be parametrized by the local components of the con- 
nection taking values in End(VKAi/). Then the Yang-Mills action has the form 

5m = J dxE'lhr^^^g^^g^f^r.^Tap. (6.1) 

M 

The (ghost) operator K : C^CWaci) ^ C^CWaci) and the (gluon) operator 
H : C^CWAd ^ TM) C^CV/Ad ® TM) are second-order partial differential 
operators acting on scalar and vector fields valued in End(WAd). In the minimal 
gauge these operators are [|5l |71 

H\ = -5^A + - 2^^ , (6.2) 

K = -A. (6.3) 
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Thus, the zeta-regularized one-loop effective action of quantum Yang-Mills 
theory in the Euclidean formulation is given by 



1 



where 



(6.4) 



(6.5) 



^h(s) and ^k(s) are the zeta functions of the gluon operator H and the ghost oper- 
ator K. Next, by using the definition of the zeta function we obtain 



2^ y-» 

^ym(s) = ^^ dtf-'e'^®YM{t), 

r(*) J 





where 



®YM{t) = ®H{t)-2®K{t), 



(6.6) 



(6.7) 



0jy(O and 0/r(O are the heat traces of the operators H and K. 

Since both operators H and K are of Laplace type we can use the results for 
the heat trace described above. We obtain the total heat trace 



®YM{t) = (4: 



X 



ntr'^jc 

r d 

J (4^ 



dxg^'^ expU-R + ^Rnlt 



1 



1 



8 



M 

do) 



(6.8) 



j3"^ exp \ -- {oj,fioj) } "VYMit, oj) 



1 



X det-H 



■ty/2 
sinh[F(a;)/2] 



At 

1/2 



det 



TM 



sinh[D(a;)/2] 
D{a))l2 



-1/2 



(6.9) 



where 



'^YM{t,CO) = Hit, CO) -2^ Kit, CO). (6.10) 

Thus all we have to do now is to compute the functions '^uit, (j^) and *Fjr(f, co) for 
the operators H and K. 

We assume that the gauge algebra is big enough to include the holonomy alge- 
bra as a subalgebra (as discussed above). Further, we assume that Sab takes values 
in the (Abelian) Cartan subalgebra of the gauge algebra. The other part &ab of the 
Yang-Mills curvature is described by a representation Y^d : SOin) —> End(WAd) 
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of the orthogonal algebra SO{n) in Waci with generators F^/ so that the total Yang 
Mills curvature is given by (16.1 II) 



AdiTab) = ^R^'abY^,' +Ad(Sab), 

For the ghost operator K we have Qk = and = 0. Therefore, 



(q2 ^ nabcd yAd yAd 

>^K - ^ab ^cd 



Thus, we obtain 



'i' Kit, CO) = tr 



det 



TM 



sinh(MJ(S))\ 



tAdiS) 
xexp(-!R|?)exp[!^jfM] , 



-1/2 



where KKico) = 'Rfco'. 

For the gluon operator H we have 



Therefore, 



and. 



(QHTb = R\-2Adir\) 

= R\-R\,,Y'/,-2Ad(S\), 



{^"ab) d - 25' [agb]d ■ 
i^n) b = -R" b + R" bcdYM hf^K ^ 



Thus 



'¥H{t,oj) = tr 



Wa. 



det 



TM 



smHtAdiS))\ 



-1/2 



oxpl-Klt) 



tAdiS) 

X exp ['RKio))] tr tm exp [2Adi!B)t] exp [D(a))] 



(6.11) 

(6.12) 
(6.13) 



(6.14) 



(6.15) 



(6.16) 



(6.17) 



(6.18) 



(6.19) 
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Finally, we obtain the total function ^{t, oS): 



'^YM{t,(jS) = tVwAa detTM 



xtr TAfjexp [2Ad(!B)t] exp [D(oj)] - 2} 




exp(-!^i?)exp[^jf(a>)] 



(6.20) 



7 Matter Fields 



Now, we assume that M is a spin manifold. Let Agpin be the spinor vector space 
and End (Ajpin) be the space of endomorphisms of A^pjn. Let S be the spinor bun- 
dle with fiber A^pin realizing the spinor representation of the spin group Spin(n). 
It defines the spinor representation 7 : SO(n) End (Aspjn) of the orthogonal 
algebra SO(n) in Ajpin. The spin connection induces a connection on the bundle 
S defining the covariant derivative of spin-tensor fields. Let Gym be a compact 
simple Lie group and ^ym be its Lie algebra. It naturally defines the principal 
fiber bundle over the manifold M with the structure group Gym- Let Wgpm be a 
vector space and End (Wspin) be the space of its endomorphisms. We consider a 
representation Xspi„ : Qym End(V7spin) of the Lie algebra ^ym in Wspin and the 
associated vector bundle "Wspin through this representation with the same struc- 
ture group Gym whose typical fiber is W^pin. Then we define the twisted spinor 
bundle "yspin via the twisted product of the bundles 'W^pin and S with the fiber 
^spin = Aspin (8) Wspin. The Spin connection on the spinor bundle and the Yang-Mills 
connection on the bundle 'W^pm define the twisted spin connection on the bundle 
'V 

' spin- 

Let 'Wq be another associated vector bundle over M with the structure group 
Gym and typical fiber Wq realizing a representation Xq : Qym — * End (Wo) of the 
Lie algebra Qym in Wq. 

The sections of the bundles 'Wq and "yspin are multiplets of scalar, ip, and 
spinor, ^, fields that we call matter fields. The action of matter fields reads 



S 



matter 




spin 



M 




(7.21) 
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where ( , and ( , )-^^^ are the (Hermitian) inner products in the vector spaces 
Vspin and Wq, M((p) e End(Vspin) is an endomorphism of V^pja and V((p) is a scalar 
function of (p. 

The contribution of the matter fields to the one-loop effective action has the 
form m 

r^^p = - log Det D + ^ log Det Lq , (7.22) 
where D is the Dirac type operator and Lq is a Laplace type operator defined by 

D = /V^ + M(0) , (7.23) 

Lo = -A + Qo(4>\ (7.24) 

is a background scalar field and Qoicp) is the mass matrix of the scalar fields. 
Here the background scalar fields realize the minimum of the potential V((p), and 
the matrix Qq is defined by 

V(cp) = V((t>) + ^((ip- <^), Qom^ - <t>))wo + 0{(V - cpf) . (7.25) 

As we mentioned above it is assumed that the endomorphism Qq is covariantly 
constant. 

We also assume that the mass matrix M does not contain the Dirac matrices or 
contains only even number of them, so that 

[M,7^] = (7.26) 

Then one can show that the spinor contribution can be expressed in terms of the 
squared Dirac operator 

log Det D = i log Det L,^^ , (7.27) 

where 

L,pi„ =-A+ii?-i/'^X(« + M2. (7.28) 

where y,,^ = y^ajb] ■ 

Thus, the zeta-regularized contribution of the matter fields to the one-loop 
effective action in the Euclidean formulation is given by 

= -^Catter(O) ■ (7.29) 
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where 



^matter('5') — ^O^S) ^spin('^) i 



(7.30) 

1^q{s) and ^spin(>5') are the zeta functions of the operators Lq and L^^i^- Next, by using 



5 spin 

the definition of the zeta function we obtain 

DO 

,24- 



^matter('^) 







dt t'-^e'^e 



(7.31) 



where 

en>atter(0 = 00(0 - 0spin(O , (7.32) 

0o(O and 0spin(O are the heat traces of the operators Lq and Lspin. 

Since both operators Lq and Lgpin are of Laplace type we can use the results for 
the heat trace described above. We obtain the total heat trace 



X 



M 

/do) 
{Ant)Pl^ 



p^l^ exp 



-— (a),/S(0) \ ^matter(?, (O) 



where 



X 



det. 



sinh[F(fa;)/2] y'^^ 



det 



TM 



sinh[D(a;)/2] 
D{oj)/2 



vit, OJ) 



¥(,(?, CO) - W,„Ut, CO) 



-1/2 

(7.33) 



(7.34) 



Thus all we have to do now is to compute the functions *Po(^ <^) and ^spm(^ (^) for 
the operators Lq and Lspin. 

We assume that the gauge algebra is big enough to include the holonomy al- 
gebra as a subalgebra (as discussed above). Further, we assume that Sat takes 
values in the (Abelian) Cartan subalgebra of the gauge algebra and Sab takes val- 
ues in the corresponding repesentation of the holonomy algebra. More precisely, 
we define two representations of the orthogonal algebra Yq : SO{n) End(Wo) 
and Fspin : SO{n) — > End (PFspin) with generators 7^^^ and 7^^'" so that the total 
Yang-Mills curvature in the representations Xq and Xgpin is given by (16.1 II ) 



XoCFab) 



Y^. + Xoi!Bab) 



(7.35) 



^fipind^ab) 



,cd 



abl ^.^ 



spin 



{Sab) 



(7.36) 
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Now, for the scalar operator Lq we have 2^^ = 0, and, therefore. 



1 



<d2 _ 1 nabcdvO vO 
^0 - 4^ ^ab^cd 



(7.37) 
(7.38) 



Thus, we obtain 
'i'o(t,(o) = tTwo 

xexp 



det 



TM 



sinh(?Xo(S)) 
?Xo(S) 



-1/2 



exp 



(7.39) 



For the spinor operator Lspm we have 

Gspin = 7^-^/%in(r„i,) + M2 



4 2' 
4 4 



The generators of the orthogonal algebra in the spinor representation are 

1 



^ab 2 ' 



Therefore, 



and 



spin Q A 'CIO cd A ab cd ' 



(7.40) 



(7.41) 



(7.42) 



(7.43) 



Thus the endomorphism 'R^^ + Qspin has the form 



spin 
1 1 



1 



^spin + <2spin = ^R+ ^R^'^^^Y^XT - ^/%in(Sa.) + 



(7.44) 
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Finally, we obtain 



det 



TM 



sinh(?X,pi„(g)) 



All 



xexp 



ab cd 



exp 



1 

2' 



spin a 



xtrA,,„ exp 



-^(^spin(S%)f + D^W)A 



(7.45) 



where tr A,pi„ indicates the trace over the spinor indices. It is interesting to note that 
the scalar curvature term exp(-|i?) in the function *Pspin(^ precisely cancels the 
prefactor exp(|i?) in the heat trace (17.331) . 



8 Conclusion 

In the present paper we used the results for the heat kernel on homogeneous bun- 
dles over symmetric spaces obtained in our recent paper [12J by using sophisti- 
cated algebraic methods to evaluate the low-energy effective action in quantum 
gravity and gauge (Yang-Mills) theory There always exists a minimal gauge such 
that both the gauge field operator and the ghost operator are of laplace type, and, 
therefore, the evaluation of the zeta-regularized effective action reduces to the cal- 
culation of the corresponding heat traces. Of course, one could try to go further 
and compute the functions ¥(?; co) for the relevant operators by finding the eigen- 
values of the corresponding endomorphisms etc. However, we will not do this in 
this paper and leave the result in the general form it was presented above. 

We would like to stress two more points here. First of all, quantum general 
relativity is a non-renormalizable theory. Therefeore, even if one gets a final re- 
sult via the zeta-regularization one should not take it too seriously. Secondly, 
our results for the heat kernel and, hence, for the effective action are essentially 
non-perturbative. They contain an infinite series of Feynmann diagrams with low 
momenta and cannot be obtained in any perturbation theory. One could try now 
to use this result for the analysis of the ground state in quantum gravity. But this 
is a rather ambitious program for the future. 
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